In this paper, we suggest that the quantum fluctuation of an electromagnetic field follows a relativistic canonical distribution e −|ūµp µ |/mc /Z. As a result, we demonstrate that the zero-point energy density becomes finite and the Coulomb potential is modified to V (r) = −ze 2 arctan(m c r)/(2π 2
§1. Introduction
In quantum field theory, the energy of the zero-point motion can take any value between zero and infinity, and all possibilities must be included in the calculation. Therefore, it is apparent that the zero-point energy density diverges. However, the observed vacuum energy is finite. If the energy takes a finite value and the number of states is maximized, the energy distribution should follow a canonical distribution.
In thermal quantum field theory, 1)-4) energy eigenstates |n > are excited with Boltzmann weight factors e −βEn . The weight factors suppress energy divergence. However, Boltzmann weight factors are not applied to the zero-point motion. Thus, the zero-point energy density remains infinite.
In this paper, we assume that quantum fluctuations are caused by energy exchange with a thermal bath, 5) and we investigate a model in which the quantum fluctuation of the electromagnetic field follows a canonical distribution e −ω(p)/mc /Z, where m c is a constant with mass as a dimension. As a result, we demonstrate that the zero-point energy density is finite, and the Coulomb potential is modified to
This potential has the interesting property of being an ordinary Coulomb potential at a long distance, and it becomes finite at r = 0. §2. The model
We propose a new electromagnetic field operator with a probability density ρ(p,ū), which is the c-number,
where we work in the Coulomb gauge. The coefficients of the expansion a(p) and a † (p) satisfy the canonical commutation relations
We assume that the probability density ρ(p,ū) is a relativistic canonical distribution
m c is a constant with mass as a dimension. Z is the state sum, which is Lorentz invariant because d 3 pd 3 x is Lorentz invariant.ū µ is an average of four-velocities of real particles (onshell particles) created by the potential A i (x). Notice that generally,ū µ = p µ (p), because p in (4) contains the momentum of virtual particles. The spatial distribution of matter in the universe is homogeneous and isotropic, which means that the average four-velocities of real particlesū µ can be written in any coordinate system as
because the spatial component is canceled with plus and minus appearing equally. Thus, in any coordinate system, we can always rewrite the relativistic Boltzmann factor to
Let us calculate the Hamiltonian:
The state sum is calculated as
3
Let us redefine the vacuum as
Using this, we have
where we used (7). Thus, we obtained a finite zero-point energy density. Notice that the result is independent of the average of the four-velocities of real particles. Next, let us find the photon propagator in the Feynman gauge. The electromagnetic field operators with the probability density are
The coefficients of the expansion satisfy the canonical commutation relations,
Using (12), we obtain the photon propagator,
using ω(−p) = ω(p). We obtain the photon propagator in momentum-space:
Equation (17) shows that the Coulomb potential takes the following form 6)
where z is the atomic number. Here, we used (7) again. This polar coordinate expression is
where p = |p|. Using the integration formula dp sin pr p e −p/m = − 
where Ei(x) is the exponential integral and C is an integration constant, we finally obtain the modified Coulomb potential
Using arctan(x) = x − x 3 /3 + · · · and lim x→∞ arctan(x) = π/2, (21) can be approximated in each region as follows:
This potential has the interesting property of being the ordinary Coulomb potential at a long distance, and it becomes finite at r = 0. We show the graph of each region in Figs. 1 and 2. Let us evaluate m c . The boundary r 0 of each region given by (22) satisfies m c r 0 = 1, that is, r 0 = 1/m c . Rutherford's scattering experiment suggests that V (r) of (22) is the ordinary Coulomb potential in the region which is larger than the nucleus radius r N = 10 −15 m. We therefor find r 0 ≤ r N . That is,
where we used c = 197 × 10 −15 MeV·m .
Since the Coulomb potential produced by the nucleus around r = 0 has changed from infinity to the finite depth, the 2s 1/2 electron causes a Lamb shift. The second term e 2 m 3 c 6π 2 r 2 of (22) for m c r ≪ 1 generates energy of a one-dimensional harmonic oscillator (n ′ + 1/2)ω ′ ,
where ω ′ ≡ 4e 2 m 3 c /(3π 2 m e ) and n ′ is the quantum number of the one-dimensional harmonic 6 oscillator. So near the origin, the energy change is
where we set n ′ = 0. Since the existence probability of the 2s 1/2 electron in a sphere of radius r 0 is approximately
where ψ nl are the usual hydrogen atom wave functions, m e is the mass of the electron and 
which is extremely large compared to the experimental value. We propose one method to reduce this value. According to statistical mechanics, m c in (4) is kT , where k is the Boltzmann constant. If the vacuum temperature is lower than that of the electromagnetic field and close to zero, the zero-point energy density becomes
We can obtain a small zero-point energy density. §3. Conclusion
In this study, we introduced the relativistic canonical distribution e −|ūµp µ (p)|/mc /Z into the quantum field theory of the electromagnetic field.ū is the average of the four-velocities of real particles (on-shell particles) created by the electromagnetic field. As a result, we demonstrated that zero-point energy density is a finite value, which dose not depend on u µ thanks to the homogeneous and isotropic of the real particles. We also demonstrated the Coulomb potential is modified to V (r) = −ze 2 arctan(m c r)/(2π 2 r). This potential had the interesting property of being an ordinary Coulomb potential at a long distance, and it becomes finite at r = 0.
